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Abstract-A special technique in solving steady-state two-dimensional convective diffusion equations 
involving external force fields having Laplace potentials is presented. The technique uses the fact that it is 
possible to find a conjugate stream function to the potential and the two can thus beconsidered as independent 
coordinates. The convective diffusion equation can be transformed into the potential and stream function 
coordinates and the resulting equation is separable in term of these two new coordinates. Two examples are 
illustrated. A pseudo-two-dimensional problem is also presented to show the usefulness of the technique even 

when not all requirements are met. Relations with Helmholtz and Schrodinger equations are discussed. 

1. INTRODUCTION 

THE MASS transfer phenomena in physics and 
engineering can often be described by the diffusion 
equations. The heat transfer problems are usually 
described by the heat conduction equations which have 
similar forms as diffusion equations. Therefore it is 
sufficient to discuss only the diffusion equation in this 
paper with the understanding that the results will also 
be applicable to heat transfer problems. When the 
diffusion processes occur in the presence of external 
force fields they are regarded as convective diffusion. 
We want to address the convective diffusion in the 
steady state here. Thus in the presence of external 
forces, the steady-state convective diffusion equation 
(sometimes called the Fokker-Planck Equation) is in 
the following form (cf. refs. Cl] and [2]): 

DV’n-V*(Fn) = 0 (1) 

where n represents the concentration, D the diffusion 
coefficient, F the net external force. In writing equation 
(1) we have assumed that the diffusion coefficient is a 
constant and will be neglected in the following 
discussions as it is unimportant mathematically. We 
are also going to treat other quantities as dimension- 
less for the sake of lucidity. 

In this paper a special class of force fields will be 
examined, namely, the conservative force fields. Such 
forces satisfy the irrotational condition 

VxF=O (2) 

and therefore there exists a scalar potential 4 such that 

F = -V& (3) 

We will further restrict our attention to the potential 
fields that satisfy the Laplace equation : 

V”fp = 0. (4) 

From the point of view of equation (3) this is equivalent 
to saying that force fields are non-divergent. 

The restriction on the present method is that the flow 
be two-dimensional (2-D), irrotational, and incom- 
pressible. This requires that the diffused substance 
(heat, salt, etc.) be a passive scalar and that this passive 
scalar diffuses faster than momentum. Thus it appears 

that the method might apply in high Reynolds number, 
order one Peclet number forced convective flow (e.g. 
flow at low Prandtl number). Despite seemingly very 
restrictive conditions, such potential fields (and hence 
the corresponding forces) occur quite frequently in 
physical problems. Common examples include irro- 
tational flow of a perfect fluid, surface waves, 
electromagnetic phenomena, and gravitation. All these 
external forces can be imposed on a pure diffusion 
system to form convective diffusion system. Convective 
diffusion problems involving these forces may have 
been considered separately before but they are not 
considered as a special group. When this special pro- 
perty is recognized, these problems can-be thought of 
as a special class and their properties can be studied 
more systematically. It is the purpose of the present 
paper to examine the solutions of these problems in 
two-dimensional form employing a special technique, 
namely, the potential and stream function analysis. As 
will be seen later, this technique is especially useful 
when the equation cannot be separated in its original 
coordinates. 

2. POTENTIAL AND STREAM 
FUNCTIONS 

It is well-known in fluid dynamics that in 
incompressible, irrotational flow the fluid velocity is 
non-divergent and can be derived from a scalar 
potential 4 which satisfies equation (4). If, in addition, 
the flow is two-dimensional, then there exists a stream 
function $ conjugate to 4 such that (cf. [3]) 

(5) 
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NOMENCLATURE 

diffusion coefficient 
net external forces 
arbitrary scalar function 
thermal conductivity 
concentration of particles 
temperature 
particle charges 
radial distance in spherical coordinate 
system 

x, y, z Cartesian coordinates 

x13x2 any generalized two-dimensional 
coordinates. 

Greek symbols 

Z 

potential function of the external force 
stream function conjugate to 4 

e zenith angle in spherical coordinate 
system. 

where xi and x2 are two generalized coordinates. 
Obviously $ also satisfies the Laplace equation (4) and 
thus can be considered as a potential function itself. It is 
therefore possible to form a complex potential u = 4 
+ilc, and the related problems can be treated using 
complex analysis. In the present paper, however, we will 
not consider thecomplex method but regard 4 and $ as 
two separate real functions. 

From equations (4) and (5) we immediately have the 
following relations : 

vs$ = v2* = 0, (6) 

vcj-V$=O, (7) 

(V@* = (W2, (8) 

where (V@)’ means V& * V& All the operations are in 
two dimensions. The relation (7) merely says that the 4- 
and $-surface are orthogonal to each other. Due to this 
orthogonality it is possible to treat these two functions 
as independent orthogonal coordinates as has been 
mentioned in ref. [4]. Now since both 4 and $ are scalar 
fields, if a function f is such that f=f[#(x,,x2), 
I/$X,, x2)], then the following differential operations of 

fare valid : 

vf=$$+$v*, 

V2f= g (Vqq2 + g (V2f$) 

a2f af + gp w)z + sg$ (V2tN 

= 3 (V(b)2 + 3 (Vi+b)Z. 

Although these operations are based on the 
assumption that the potential fields are Laplacian, it is 
to be remembered that a stream function Ic, can be 
defined when the potential is not Laplacian and even 
when there is no potential at all. However in these 
latter cases, relations (6x9) do not hold simul- 
taneously. Nevertheless the present transformational 
technique sometimes can also be applied to these 
problems and obtain useful results as will be shown in 
Section 6. 

3. THE TRANSFORMED 2-D STEADY-STATE 

CONVECTIVE DIFFUSION EQUATION 

AND SOLUTIONS 

Now let’s consider equation (1) under the assumption 

that the force potential is a Laplace field. Equation (1) 
then becomes 

VSl+V~~Vn = 0. (11) 

Transforming equation (11) to (4, $)-coordinates using 
relations (9) and (lo), we obtain 

$(v#+$(pI)“+v& gv#)++ 
( > 

=o. 

(12) 

Using relations (6)(g), equation (12) becomes 

2 2 
a"+an+!T=() 
ad2 a+2 a4 (13) 

which is an extremely simple equation and the con- 
ventional separation-of-variables method is readily 
applicable. In writing (13) we have assumed (V$)* # 0, 
(V4)’ # 0. Thus letting 

n = WWW) (14) 

and substituting into (13), we immediately obtain the 
two separated equations 

a2v 
w +Izy = O 

(16) 

where I2 is the separation constant which can be any 
number. The solution of (15) is 

I Cd4 exp ( -1+JGzii 
2 4 > 

@= 
+ C,(n) exp 

( 

-l-Jii 
~ 2 4 ) 1 (2. z 0) (17) 

t ao+bexp(--4), (A = 0) (18) 
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and the solution of (16) is 

~ = 

{ 

G(n) cos a* + G(n) sin W, (A # 0) (19) 

co + doi++, (a = 0) (20) 

where a,, be, co, and do are arbitrary constants, and C,, 
C,, C,, and C, are coefficients which are only a function 
of the separation constant 1. The most general solution 
is therefore 

n = ~o+~o~~~~-~~+C~o+~o~~~~-~~l~ 

s 

m 
+ _ m C-X4 ew k.4) + G(4 ew W)lcos W 

+ Cc&) exp (4) + cd4 exp W)l sin WI da (21) 

where 

a= 
-1+&Z -l-&Z 

2 
, P = 2 . (22) 

It may be possible to absorb every term into the integral 
but the form presented here is probably easier to work 
with. Equation (21) looks very much alike the 
conventional solutions of standard diffusion equations 
except it is expressed as a function ofthe potential 4 and 
stream function $. In determining the constants, of 
course, one has to apply boundary conditions and 
usually we have to express 4 and $ in the original 
physical coordinates. But in many cases of the diffusion 
problems involving Laplace potential fields one or 
more of the physical boundaries coincide with the 
potential or stream surfaces. When this is the case the 
determination of the constants becomes particularly 

simple. Note that (17) is for real 1. The case ofimaginary 
i can be written analogously. 

4. A SIMPLE EXAMPLE IN 

CARTESIAN COORDINATES 

In order to illustrate the use of this technique, let us 
consider an actual example. Suppose we wish to 
determine the steady-state concentration profile of 
charged particles in the vicinity of two semi-infinite but 
mutually perpendicular conducting walls. The particles 
each carry charge q and the walls are equipotential at a 
value V,. Assuming that the medium in which particles 
reside is stagnant and the gravitational settling is 
negligible, then the diffusion equation governing the 
particle concentration is 

DV*n+qVV*Vn = 0 (23) 

where V is the electric potential produced by the two 
charged walls. Neglecting the space charge effect due to 
particles, the potential distribution in the present case is 
obviously 

V(x, y) = v. + 2xy (24) 

which are hyperbolas. Equation (23) in (x, y)- 
coordinates will be 

D($ +$)+,(y; +x$) = 0 (25) 

equation (25) cannot be separated into (x, y)- 
coordinates. However it can be easily shown that the 

potential function 4( = qV) and its conjugate stream 
function $[ = q(x’-y2)] satisfy the relations (6)-(8). 
The complete solution is therefore represented by 
equation (21). 

Now if we impose the boundary conditions such that 
the concentration faraway from the walls is a constant 
n, and the concentration on the walls is zero, i.e. the 
walls are perfect sinks of particles, then we have 

1 

n=Oatx=Oory=O (i.e. xy = 0) (26) 

n = n, at x + cc and y -+ co (i.e. xy + co). (27) 

It is seen that this pair of conditions is equivalent to 

n=O atq%=qVo (28) 

n=n,at4-*cc (29) 

and the solution which satisfies these conditions is 
simply the first two terms of (21) : 

n = n,(l -e-2Xy). (30) 

Thus the present transformation method provides an 
easy answer to the otherwise non-separable differential 
equation. Of course, more complicated boundary 
conditions can be prescribed and more complicated 
solutions will result. However it is not the purpose of the 
present paper to examine these complicated cases. In 
the following discussions we will not prescribe 

boundary conditions. 

5. A SECOND EXAMPLE 

Consider the heat tra.nsfer problem in which an 
infinite circular cylinder of unit radius is surrounded by 
a fluid in potential flow with unit free stream velocity. If 
steady state is reached, then the equation governing this 
situation is 

KV*T-V-VT = 0 (31) 

where K is the thermal conductivity of the fluid and V is 
the flow velocity. The potential and stream functions in 
this case are 

t$= r+; case ( > 
*= r--i sine, 

( > 

(32) 

respectively. The boundary conditions are 

T = T,(B) at r = 1 

T = T, atr+co. 
(33) 

Since(3l)isofthesameformas( 1 l), thesolutionisgiven 
by (21). That solution has to satisfy the boundary 
conditions (33). Only the upstream region will be 
examined here. The solution of the downstream region 
can be determined in a similar way and hence need not 
be elaborated here. 



Equation (42) is clearly a standard form of the Laplace 
transform and therefore D(m) can be determined by the 
Bromwich integral 
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In the upstream region we have cos 19 > 0. Since T is 
finite, all terms that would grow infinitely with r in (21) 
should be discarded. Therefore we set C,(n) = 0, 
c,, = d, = 0. We can also set C,(n) = C,(A) = 0 in this 
case. The b, term can be reproduced by setting I = 0 in 
the integral and therefore can also be eliminated here. 
With all these considerations, the solution becomes 

m 

T=a,+ s w 
-02 

(see, e.g. ref. [4]). This determines the exact solution (34) 
once Ti(6) and T, are explicitly specified. For example, 
if the upstream surface temperature of the cylinder is 
given by 

xexp -(l+J-i=? 4 
2 

K 1 0 cos 1 f dl. (34) 

Equation (33) then requires that 

rm 
T,(B) = J w 

-m 

xexp - 
[ 

(1 +JGZ 2 cos 0 

2 K 1 dl 

(‘.‘lj,=i = 0) (35) 

and 

T, = no+J:m C@)exp[ -(l+F F] 

x cos n(r sin 0) dll,, m = a, (36) 

since the exponential function is zero in the r + co (35) 

now becomes 

T,(U)- r, = I m a4 
-m 

(l+JizF) 
cos 6 

K 1 dl. (37) 

Integral transformation techniques will be useful in 
determining C(k) here. Under certain conditions C(1) 
can be easily determined. For example in many cases 
C(1) is an even function of A. Then we let 

m+2=l+JGZ. (38) 

1 = e and da = (m+l) 
2 2JmZ 

dm. (39) 

Equation (37) can now be written 

T,(B)-T, = 2 
s 

p1 (m+ 1)c(m) e-a(m+Z, dm (40) 

0 2 

where 

a = cos BjK. 

Equation (40) can be written as 

(41) 

oc 
T(a) = [Tl(0)- T,] eZa = 

s 
D(m) e-“” dm (42) 

0 

where 

D(m) = (m + W(m) 
/,.a . (43) 

drn-+Lm 

D(m) = & earn T( a) da (44) 

T,(B)- T, = (2 + 
1 

cos 0) exp (2 cos 0)’ 
(45) 

then we can determine D(m) from (44) and then convert 
to C(1) which is 

C(l) = 
J 

1- & exp(2-2JD) 

and the temperature distribution in the fluid is given by 

T(r,B) = T~+2J~{J~exp(2-2JGZP) 

xexp - 
L 

xcos[,(r-;)y]}dl. (46) 

This can be readily integrated to give T(r, 0) at any (r, 6)- 
point. More extensive applications of this method of 
solution will be considered in the future. 

6. A PSEUDO-2D PROBLEM 

The successful application of the present method 
depends on the special properties of the external force 
fields involved. If they are such that relations (6)(s) are 
satisfied, then the solution is given by equation (21). 
However, sometimes even if equations (6H8) are not 
completely valid, applying the present method may 
reduce the difficulty in solving the original equation and 
obtaining useful results, as is illustrated in the following 
example. 

Let us consider a spherical diffusion system in which 
the associated external force is not spherically 
symmetric. If the force can be derived from a potential, 
the potential function will not be radially symmetric 
either. The simplest example is 

4 = r cos 0 (47) 

where r is the radial distance and 6’is the zenith angle of 
the spherical coordinate system. Obviously this 
potential corresponds to a force that is uniform in the z- 
direction (e.g. gravitational force). Assuming there is an 
azimuthal symmetry so that only r- and O-coordinates 
are involved in the nroblem. Note that a spherical 
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system is not a 2-D system even though only two 
coordinates appear in the equation. Nevertheless we 
see that 

I a 
+ __- 

r2 sin e ae [ 
sin e a(r ~0s 0) 

ae 1 
=Los&~cose=o. 

r r 
(48) 

It is also possible to find a conjugate stream function $ : 

1+4 = In rlsin 81. (49) 

separated equations 

(57) 

(58) 

wherel’is again theseparation constant. Equation (57) 
is the same as (15) and therefore the solution is given by 

@ = C,(l)exp 
( -f+F,) 

+ C2(4 exp ( -l-JiGiT 
2 

4 . 
> 

(59) 

2 = cos 0 a+ = ’ 
ar ’ ar r' On the other hand equation (42) looks like the time- 

1 a4 _ 1 a* cot e 
(50) independent Schrijdinger equation with a logarithmic 

-sine, --=- potential and the standard way to proceed is (cf. [4]) by 
r ae r ae r ’ changing the independent variable $ to 5 by letting 

we easily see that V’$ = 0 and V$ - VI$ = 0, but 5 = I e*. (60) 

csc2 e 
~ = (v$)2 # (Vd)’ = 1. 

r2 
(51) Then 

Thus condition (8) is violated and the solution (21) 
cannot be applied. However we can still proceed the 
transformation to (4, $)-coordinates and hope that the 
equation can be reduced in a manageable form. Now 
the convective diffusion equation in front of us is, in 
spherical coordinates, 

(61) 

cot 8 an 
+ ~z+cosO$-sine$=O. (52) 

This is again an equation that cannot be separated into 
r- and Q-parts. Now proceed with the (4,$)-trans- 
formation. We get 

V2n+V4.Vn 

= $ (V&)2 + $ (vl&2 + $ (Vd4’ = 0 (53) 

using the fact that V2$ = V2b = 0 and V$*Vd = 0. 
Using equation (51), we have 

2 2 1 
!!+?!!+a ~ 

842 a4 a$2 r2 sin’ e = O. ( > 

(54) 

Putting equation (61) into equation (58), we have 

,a2y ay 
5 ,r,+5,r+t2Y=0 (62) 

or 

(63) 

with the caution that now 1 # O(so that t2 # 0). On the 
other hand e2” is always positive since Ic/ > 0. The 
solution of equation (63) are the well-known Bessel 
functions of zeroth order. i.e. 

Y(5) = C,Wo(~) + C,@)r,(5) (64) 

The term in the bracket is or 

(55) 
‘-f’(lL) = C&).M~e*)+ C&)Y&*), (2 Z 0) (65) 

where J, and Y0 are the zeroth-order Bessel function of 

and therefore equation (54) becomes 

a2n an a2n 
w+-+le-2ti=0. 

a4 a* 

first kind and second kind, respectively. When 1 = 0, we 
have 

(56) ‘y($) = a0 + bo$. (66) 

Again letting n = @(+)Y($), we obtain the two The general solution ofthe present diffusion equation is 
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therefore 

n = a,+b,lC/ 

s 

00 
+ _ m KG(n) exp (84) + C,(l) exp WN J&e’) 

+ CG(4 ev bd4 + U4 exp UWI Wes)lI dl 
(67) 

where CI and /I are given by equation (22). 
It is therefore seen here that even when equations(6b 

(8) are not completely satisfied, the potential and stream 
function analysis can reduce the difficulty of the 
problem solving and useful solutions may be obtained. 
Of course, various constants in equation (67) are to be 
fixed by boundary conditions. 

6. RELATIONS WITH OTHER EQUATIONS 

It is quite clear that the convective diffusion equation 

VZn-V4*Vn = 0 (68) 

differs from equation (11) only by the sign of the second 
term. It is therefore only necessary to set a new potential 
function 4’ = - 4 and then proceed in exactly the same 
way as before. 

An interesting property of equation (11) is that it can 
be transformed to the time independent Schrijdinger 
equation via the change of dependent variable 

4 
n = n*exp -- ( > . 

2 

The transformed equation becomes 

v%* - $ (v#n* = 0. (70) 

Equation (52) can be transformed using the same 
method and becomes the Helmholtz equation 

v*n* + $ (vc##n* = 0. (71) 

All these are possible because Vz$ = 0. This 
transformation has been used in refs. [S-7]. Note that 
these transformations are valid in general, not just 
limited to two-dimensional cases. There exist particular 
solutions for all these equations, namely, 

n* = 

1 

A exp (d/2) + B exp (- 4/2), for equation (70) 

A exp (i4/2) + B exp (-i4/2), for equation (71). 

Again these particular solutions are valid in general 
and not limited to the two-dimensional form. They can 
be verified easily by simply substituting back to the 
original equations. 

Naturally, equations (70) and (71) in two dimensions 
can again be treated by the potential and stream 
function analysis. For example, after the (&$)- 

transformation, equation (70) becomes 

a2n* i?‘n* 

-7 
+_-ln*=o 

aC$ a*2 4 

and the separated equations are 

I 
5&*44) 

a9 ( > ‘-A* y’=o 
a** 4 

and the general solution is therefore 

(73) 

(74) 

The solution of equation (71) is similar. 

7. CONCLUSIONS 

It is demonstrated in previous sections that the 
steady-state two-dimensional convective diffusion 
equations involving conservative external forces which 
have Laplace potentials can be solved by transforming 
to the potential and stream function, or (d,II/)- 
coordinates. The resulting equation is readily separable 
and solutions easily obtained. Sometimes even when 
the system is not truly two-dimensional, the method 
can still be useful in obtaining solutions. These results 
apply to the heat transfer problems as well. It is also 
seen that there are related Helmholtz and Schriidinger 
equations that can be solved similarly. These solutions 
may have some applications in scattering problems. 
Since the Laplace-type potential fields are frequently 
encountered in many physical and engineering 
problems, it is expected that the present method should 
have useful applications. Also since the formulation in 
Section 3 does not depend on any particular coordinate 
systems, the method probably will be very useful in 
treating 2-D problems with irregular boundary 
surfaces, provided that one can determine the +- and $- 
functions. Various applications are currently under 
investigation by us and will be reported in the near 
future. 
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ANALYSE DES EQUATIONS DE CONVECTION STATIONNAIRE BIDIMENSIONNELLE 
A CHAMP LAPLACIEN, RAPPORTEES AUX FONCTIONS POTENTIELLES 

ET DE COURANT 

Resume-On presente une technique sptciale de resolution de I’bquation de convection permanente et 
bidimensionnelle, pour des champs de force ayant des potentiels de Laplace. On utilise le fait qu’il est possible 
de trouver une fonction de courant conjug& au potentiel et les deux peuvent &tre considtrds comme des 
coordonn~sindipendantes.L’~quationdeconvectionpeutitretransformCedanslescoordonn~sdefonction 
potentielle et de courant et l’equation resultante est separable en fonction de ces deux nouvelles coordonnees. 
Deux exemples sont illustrbs. Un pseudo problemme bidimensionnel est present8 pour montrer l’utilite de la 
technique m&me si toutes les exigences ne sont pas remplies. On discute des relations avec les equations 

d’Helmoltz et de Schriidinger. 

UNTERSUCHUNG DER ZWEIDIMENSIONALEN STATIONAREN KONVEKTIVEN 
TRANSPORTGLEICHUNGEN MITTLES POTENTIAL- UND STROMFUNKTION 

UNTER EINBEZUG VON LAPLACE-FELDERN 

Znsammenfaaaung-Es wird eine spezielle Methode zur Liisung der stationlren zweidimensionalen 
konvektiven Transportgleichung vorgestellt. Sie verwendet lul3ere Kraftefelder mit Laplace-Potentialen. Die 
Methode nutzt aus, daD es moglich ist,eine zum Potential konjugierte Stromfunktion zu finden, und daB beide 
somit als unabhangige Koordinaten betrachtet werden kiinnen. Die konvektive Transportgleichung kann in 
die Koordinaten der Potential- und Stromfunktion iiberfilhrt werden, und die resultierende Gleichung ist mit 
diesen beiden neuen Koordinaten separierbar. Zwei Beispiele werden dargestellt. Ein Pseudo-2D-Problem 
wird dargestellt, urn den Nutzen der Methode zu zeigen, selbst wenn nicht alle Voraussetzungen erfiillt sind. 

Zusammenhange mit den Gleichungen von Helmholtz und Schriidinger werden diskutiert. 

AHAJIM3 IIOTEHHMAJIA I4 0YHKHMM TOKA ABYMEPHblX CTAHMOHAPHbIX 
KOHBEKTMBHbIX AM@@Y3MOHHbIX YPABHEHMn, BKJIIOYAIOILIMX 

IIOJlR .JIAl-UIACA 

hIHOTauHR-&Ha MeTOLWKa pclueHH5i CTaUkiOHapHOrO nByMepHOr0 KOHBeKTHBHOrO j&@y3MOHHOrO 

ypaBHeHW,, BKnwfamLuero norm BHeuIHeA CllJlbl c nOTeHuHanaMN JIannaca. MeTOnHKa OCHOBaHa Ha 

BOJMOXHOCTM OTblCKaHAIl COrIpRXeHHOti nOTeHuk,any @yHKuH,, TOKa. 3TH @yHKUW, TaKHM 06pa30M, 

MOryT paCCMaTpHBaTbCS KaK He3aBWI(Mble KOOp,LViHaTbL nOKa3aH0, 'IT0 ypaBHeHrtc KOHBeKTBBHOfi 

1144Iy3Wi MOXeT 6blTb npeo6pa30BaHo B ypaBHeHee, B KOTOpOM He3aBWX,MbIMH ncpeMcHHb,Mk, 

RBJIR~TCII noTeHwa,l H +~HKuHR ToKa. B nonyvetiHoh4 ypaBHeHss nepeMefiHble pa3nennmTca. ripen-- 

cTaBneHbl DBe kinnmcTpaTHBHbre sanaw. Ha nplcbfepe ‘nceenoneyMepuoi?’ 3anaqu noxa3ana nnonor- 
BOpHoCTb MeTOL,& L,aXe B TOMC,Iy',ae,KOr~ayL,OBneTBOp,X‘JTCfl HeBCeTpe6oBaHHx. 


