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Abstract—A special technique in solving steady-state two-dimensional convective diffusion equations
involving external force fields having Laplace potentials is presented. The technique uses the fact that it is
possible to find a conjugate stream function to the potential and the two can thus be considered as independent
coordinates. The convective diffusion equation can be transformed into the potential and stream function
coordinates and the resulting equation is separable in term of these two new coordinates. Two examples are
illustrated. A pseudo-two-dimensional problem is also presented to show the usefulness of the technique even
when not all requirements are met. Relations with Helmholtz and Schrédinger equations are discussed.

1. INTRODUCTION

THE Mass transfer phenomena in physics and
engineering can often be described by the diffusion
equations. The heat transfer problems are usually
described by the heat conduction equations which have
similar forms as diffusion equations. Therefore it is
sufficient to discuss only the diffusion equation in this
paper with the understanding that the results wiil also
be applicable to heat transfer problems. When the
diffusion processes occur in the presence of external
force fields they are regarded as convective diffusion.
We want to address the convective diffusion in the
steady state here. Thus in the presence of external
forces, the steady-state convective diffusion equation
(sometimes called the Fokker—Planck Equation) is in
the following form (cf. refs. [1] and [2]):

DVin—V-(Fn)=0 )

where n represents the concentration, D the diffusion
coefficient, F the net external force. In writing equation
(1) we have assumed that the diffusion coefficient is a
constant and will be neglected in the following
discussions as it is unimportant mathematically. We
are also going to treat other quantities as dimension-
less for the sake of lucidity.

In this paper a special class of force fields will be
examined, namely, the conservative force fields. Such
forces satisfy the irrotational condition

VxF=0 2
and therefore there exists a scalar potential ¢ such that
= —Vp. 3

We will further restrict our attention to the potential
fields that satisfy the Laplace equation :

Vip = 0. “4)

From the point of view of equation (3) this is equivalent
to saying that force fields are non-divergent.

The restriction on the present method is that the flow
be two-dimensional (2-D), irrotational, and incom-
pressible. This requires that the diffused substance
(heat, salt, etc.) be a passive scalar and that this passive
scalar diffuses faster than momentum. Thus it appears
that the method might apply in high Reynolds number,
order one Peclet number forced convective flow (e.g.
flow at low Prandtl number). Despite seemingly very
restrictive conditions, such potential fields (and hence
the corresponding forces) occur quite frequently in
physical problems. Common examples include irro-
tational flow of a perfect fluid, surface waves,
electromagnetic phenomena, and gravitation. All these
external forces can be imposed on a pure diffusion
system to form convective diffusion system. Convective
diffusion problems involving these forces may have
been considered separately before but they are not
considered as a special group. When this special pro-
perty is recognized, these problems can-be thought of
as a special class and their properties can be studied
more systematically. It is the purpose of the present
paper to examine the solutions of these problems in
two-dimensional form employing a special technique,
namely, the potential and stream function analysis. As
will be seen later, this technique is especially useful
when the equation cannot be separated in its original
coordinates.

2. POTENTIAL AND STREAM
FUNCTIONS

It is well-known in fluid dynamics that in
incompressible, irrotational flow the fluid velocity is
non-divergent and can be derived from a scalar
potential ¢ which satisfies equation (4). If, in addition,
the flow is two-dimensional, then there exists a stream
function ¥ conjugate to ¢ such that (cf. [3])

N_% N __%

ox, Ox, dx, ox,
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NOMENCLATURE
D diffusion coefficient x,y,z Cartesian coordinates
F net external forces Xy,X, any generalized two-dimensional
f arbitrary scalar function coordinates.
K thermal conductivity
n concentration of particles Greek symbols
T temperature ¢ potential function of the external force
q particle charges Vi stream function conjugate to ¢
r radial distance in spherical coordinate 0 zenith angle in spherical coordinate
system system.

where x; and x, are two generalized coordinates.
Obviously ¥ also satisfies the Laplace equation (4) and
thus can be considered as a potential function itself. It is
therefore possible to form a complex potential u = ¢
+1iy and the related problems can be treated using
complex analysis. In the present paper, however, we will
not consider the complex method but regard ¢ and i as
two separate real functions.

From equations (4) and (5) we immediately have the
following relations:

Vig =V =0, (6)
VoV =0, M
(V§)* = (W), ®)

where (V¢)? means V¢ - V. All the operations are in
two dimensions. The relation (7) merely says that the ¢-
and y-surface are orthogonal to each other. Due to this
orthogonality it is possible to treat these two functions
as independent orthogonal coordinates as has been
mentioned inref. [4]. Now since both ¢ and i are scalar
fields, if a function f is such that f=f[¢(x,,x,),
¥(x,,x,)], then the following differential operations of
fare valid:

of
Vf= % Vo+ W Vi, %)
vir= 2L wor+ L veg)
pre %
) of
0://2 (V) + En (V)

— (7 2 2
= % (Vo) + l//z(Vl/f) (10)
Although these operations are based on the
assumption that the potential fields are Laplacian, it is
to be remembered that a stream function ¥ can be
defined when the potential is not Laplacian and even
when there is no potential at all. However in these
latter cases, relations (6)+9) do not hold simul-
taneously. Nevertheless the present transformational
technique sometimes can also be applied to these
problems and obtain useful results as will be shown in
Section 6.

3. THE TRANSFORMED 2-D STEADY-STATE
CONVECTIVE DIFFUSION EQUATION
AND SOLUTIONS

Now let’s consider equation (1) under the assumption
that the force potential is a Laplace field. Equation (1)
then becomes

Vin+Ve-Vn=0. (1

Transforming equation (11) to (¢, )-coordinates using
relations (9) and (10), we obtain

T v+ S+ ve- (6 Vé+ ww)

¢ oy

(12)

Using relations (6)-(8), equation (12) becomes
o*n N é*n N on
op* N d¢

which is an extremely simple equation and the con-
ventional separation-of-variables method is readily
applicable. In writing (13) we have assumed (Vi/)? # 0,
(V¢)* # 0. Thus letting

n=0(¢)¥ )

=0 (13)

(14)

and substituting into (13), we immediately obtain the
two separated equations

P20 0

e — — 2D =0 15
6¢2+6¢ (15)
2

z; +229 =0 (16)

where A? is the separation constant which can be any
number. The solution of (15) is

Ci(Aexp (:IL__‘ \/21+4AZ ¢,>
1=

4 2
—Zﬂqb), G20 (17)

(4 =0

D=
+C,4) exp(

ao+bo exp(—¢), (18)
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and the solution of (16) is

B {C3(l) cos A + C4(4)sin Ay,
B CO + dO‘/’:

(A#0) (19)
(2=0) (20)

where ag, by, co, and d,, are arbitrary constants, and C,,
C,,C;,and C, are coefficients which are only a function
of the separation constant 1. The most general solution
is therefore

n = ay+bgexp(—¢)+[co+doexp(—d)I¥
. f -
+[C3(A) exp(a)+ C4(4) exp (Bd)] sin Ay} di (21)

where

—1+4./1+4442 8
o€ = =

2 s

{[C:(A) exp (x¢)+ C1(2) exp (Bp)] cos Ay

—1—/1+422

3 22

It may be possible to absorbevery term into the integral
but the form presented here is probably easier to work
with. Equation (21) looks very much alike the
conventional solutions of standard diffusion equations
exceptitis expressed as a function of the potential ¢ and
stream function . In determining the constants, of
course, one has to apply boundary conditions and
usually we have to express ¢ and ¢ in the original
physical coordinates. But in many cases of the diffusion
problems involving Laplace potential fields one or
more of the physical boundaries coincide with the
potential or stream surfaces. When this is the case the
determination of the constants becomes particularly
simple. Note that (17)is for real A. The case ofimaginary
A can be written analogously.

4. A SIMPLE EXAMPLE IN
CARTESIAN COORDINATES

In order to illustrate the use of this technique, let us
consider an actual example. Suppose we wish to
determine the steady-state concentration profile of
charged particles in the vicinity of two semi-infinite but
mutually perpendicular conducting walls. The particles
each carry charge g and the walls are equipotential at a
value V,. Assuming that the medium in which particles
reside is stagnant and the gravitational settling is
negligible, then the diffusion equation governing the
particle concentration is

DV*n+4gVV-Vn=0 (23)

where V is the electric potential produced by the two
charged walls. Neglecting the space charge effect due to
particles, the potential distribution in the present case is

obviously
Vix,y) = Vo+2xy (24

which are hyperbolas. Equation (23) in (x,y)
coordinates will be

n  *n on on
) Qi T P (D udia I
(6x2 +6y2>+ q(yax +x6y) 0 (@25
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equation (25) cannot be separated into (x,y)-
coordinates. However it can be easily shown that the
potential function ¢(= qV) and its conjugate stream
function Y[ = g(x*—y?)] satisfy the relations (6)<8).
The complete solution is therefore represented by
equation (21).

Now if we impose the boundary conditions such that
the concentration faraway from the walls is a constant
n, and the concentration on the walls is zero, i.e. the
walls are perfect sinks of particles, then we have

{n:Oatx:Oory=0 (e.xy=0) (26)

n=ng,atx—->oand y—> o (ie.xy— ). (27)

It is seen that this pair of conditions is equivalent to
n=0 at¢=4ql, (28)

n=n, at ¢ > o (29)

and the solution which satisfies these conditions is
simply the first two terms of (21):

n=n,(l—e 2,

(30)

Thus the present transformation method provides an
easy answer to the otherwise non-separable differential
equation. Of course, more complicated boundary
conditions can be prescribed and more complicated
solutions will result. However itis not the purpose of the
present paper to examine these complicated cases. In
the following discussions we will not prescribe
boundary conditions.

5. A SECOND EXAMPLE

Consider the heat transfer problem in which an
infinite circular cylinder of unit radius is surrounded by
a fluid in potential flow with unit free stream velocity. If
steady stateis reached, then the equation governing this

situation is
KV:T—-V-VT =0 31

where K is the thermal conductivity of the fluid and V is
the flow velocity. The potential and stream functions in

this case are
1
¢=|r+-]cos@
r

) (32
V= <r— —) sin 0,
r
respectively. The boundary conditions are
T =T, =1
Tl( ) atr (33)

T=T, atr— .

Since(31)is of the same formas(11), the solutionis given
by (21). That solution has to satisfy the boundary
conditions (33). Only the upstream region will be
examined here. The solution of the downstream region
can be determined in a similar way and hence need not
be elaborated here.
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In the upstream region we have cos 8 > 0. Since T is
finite, all terms that would grow infinitely with r in (21)
should be discarded. Therefore we set C,(1) =0,
¢y = do = 0. We can also set C;5(4) = C4(4) = 0in this
case. The b, term can be reproduced by setting A = Oin
the integral and therefore can also be eliminated here.
With all these considerations, the solution becomes

T=a0+Jw C(A)

X exp [:Qi“ ‘21+M2) %jl cos A (¢ > di. (39

K

Equation (33) then requires that

T,(0) = ao+f C(A)
(14+./14+44% 2 cos 0
xexpl:— 3 K di
(Y,-1=0) (35)
and
® 1 1+4rA? 0
T =ao+j C(l)exp[~( +./14r2%) rcos ]
e 2 K
x cos A(rsin )dAl, ., =a, (36)

since the exponential function is zero in the » — co (35)
now becomes

o0

C(A)

/ 2
[— (—i%jﬁ cos 6] di. (37)

n@—n=j

e o}
X eXp

Integral transformation techniques will be useful in
determining C(4) here. Under certain conditions C(4)
can be easily determined. For example in many cases
C(4) is an even function of 1. Then we let

m+2=1+./14+422 (38)
2 2 1
goymm e e (39)
2 2./ m*+2m

Equation {37) can now be written

@ 1
T,(0)—T, = 2[ (m+ DCOM) a2 gy (40
o 2/ m*+2m
where
a = cos /K. (41
Equation (40) can be written as
T(o) = [TW(O)—T, ] e* = j Dm)e *™dm (42)
o
where
1
D(m) = (m+1)C(m) (43)

Jmreom’
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Equation (42) is clearly a standard form of the Laplace
transform and therefore D(m) can be determined by the
Bromwich integral

y+iw

1
D(m) = —

o e*"T(a) dox

(44)

y—ioo

(see, e.g. ref. [4]). This determines the exact solution (34)
once T () and T, are explicitly specified. For example,
if the upstream surface temperature of the cylinder is
given by

1

O-T, =
0)-To (2 +cos B) exp (2 cos 8)’

(43)

then we can determine D(m) from (44) and then convert
to C(4) which is

/ 1
C(}.)= I—Wexp(2—2,11+422)

and the temperature distribution in the fluid is given by

“ 1
T(r,0) = Tw+2j { [1— —— exp(2—2/1+42%)
0 1+44

xexp|:— (—~—-——~1+ ;.}.4/12) <r+ 1) EPS—B]

r/) K
X cosl A(r— 1) ki 6 l} da.
r/ K

This can be readilyintegrated to give T(r, 6) at any (r, 6)-
point. More extensive applications of this method of
solution will be considered in the future.

(46)

6. A PSEUDO-2D PROBLEM

The successful application of the present method
depends on the special properties of the external force
fields involved. If they are such that relations (6)8) are
satisfied, then the solution is given by equation (21).
However, sometimes even if equations (6)«8) are not
completely valid, applying the present method may
reduce the difficulty insolving the original equation and
obtaining useful results, as isillustrated in the following
example.

Let us consider a spherical diffusion system in which
the associated external force is not spherically
symmetric. If the force can be derived from a potential,
the potential function will not be radially symmetric
either. The simplest example is

¢ =rcosf 47)
where r is the radial distance and fis the zenith angle of
the spherical coordinate system. Obviously this
potential corresponds to a force that is uniform in the z-
direction (e.g. gravitational force). Assuming thereis an
azimuthal symmetry so that only r- and f-coordinates
are involved in the problem. Note that a spherical
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system is not a 2-D system even though only two
coordinates appear in the equation. Nevertheless we
see that

10 d(r cos 0)
20~ 9
V¢_r26r|:r or ]

+ 1 i if)a(rcost'if)
Zsno0| """ a0

2 2
=—cos§——cos 0 = 0. (48)
r r

Itis also possible to find a conjugate stream function y :

Y = In risin ]. (49)
Since
¢ o W _1
—=cosf, —=-—,
or or r
(50)
10¢ - 16y cotd
ra0 - T T
we easily see that V2 = 0 and Vy - V¢ = 0, but
csc? 0
T (VY)* # (V¢)* = 1. (51)

Thus condition (8) is violated and the solution (21)
cannot be applied. However we can still proceed the
transformation to (¢, y)-coordinates and hope that the
equation can be reduced in a manageable form. Now
the convective diffusion equation in front of us is, in
spherical coordinates,

n 2én 1 &n
2 Vn = - _—
Vin+Ve:-vn 6r2+r 6r+r2692
cot 8 on on on
—_— §— —sinf—=0. (52
T TG TN (52)

This is again an equation that cannot be separated into
r- and f-parts. Now proceed with the (¢,y)-trans-
formation. We get

Vin+V¢-Vn
0*n , . on on .
=397 (Vo)* + W (Vy)* + % (V¢)? =0 (53)

using the fact that V2 = V2¢ = 0 and V- V¢ = 0.
Using equation (51), we have

2 2
%+%+%(r2—5;2—0>=0. (54)
The term in the bracket is
<2—1—5—> =e % (55
r?sin® 0
and therefore equation (54) becomes
?n én *n “w_p (56)

ottt
Again letting n= O(d)¥(Y), we obtain the two
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separated equations
30 00
W+5‘d—)—/12®=0 (57)
2
L 4
Zt//z +A2eMY =0 (58)

where A2 is again the separation constant. Equation (57)
is the same as (15) and therefore the solution is given by

® = C,(A)exp <:_1_+___ V14442 ¢>

2
N 2
+Cy(A)exp <—1—#%~ ¢>. (59)

On the other hand equation (42) looks like the time-
independent Schrodinger equation with a logarithmic
potential and the standard way to proceed is (cf. [4]) by
changing the independent variable ¢ to £ by letting

E=lev (60)

Then

i’fl“__i<5_“‘?_>_i<“€f)

W wl\ecaw) aw\" &
_O(or\_oo¥ 0 (0¥
‘ﬁ(ﬁﬁc‘)‘a 65+€8l//<65>
. NG AN I L
~Gerial(m) g reT @

Putting equation (61) into equation (58), we have

Fike 4 v
2 2y
¢ ——552 +¢ o +&Y =0 (62)
or
Y 1Y
6—6?+E‘a—§-+l{‘=0 (63)

with the caution that now 1 # O(so that £? # 0). On the
other hand €2 is always positive since ¥ > 0. The
solution of equation (63) are the well-known Bessel
functions of zeroth order, i.e.
W(&) = C3(Wo(8) + Co(D) Yo(E) (64)
or
YY) = C3(AJo(2e¥) + Co(A)Yo(4e¥), (L #0) (65)

where J, and Y, are the zeroth-order Bessel function of
firstkind and second kind, respectively. When 4 = 0, we
have

W) = ag+boy.

The general solution of the present diffusion equation is

(66)
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therefore

n=ay+boy

+f
+[Cs(A) exp (ag) + Co(4) exp (B)] Yo(de¥)]} dA
(67)

{[C1(Dexp (2d) + C,(A) exp(Bp)1Jo(Ae’)

where « and f§ are given by equation (22).

It is therefore seen here that even when equations (6}
(8)are notcompletely satisfied, the potential and stream
function analysis can reduce the difficulty of the
problem solving and useful solutions may be obtained.
Of course, various constants in equation (67) are to be
fixed by boundary conditions.

6. RELATIONS WITH OTHER EQUATIONS
Itis quite clear that the convective diffusion equation
VIn—Vg-Vn =0 (68)

differs from equation (11) only by the sign of the second
term. It is therefore only necessary to set a new potential
function ¢’ = — ¢ and then proceed in exactly the same
way as before.

An interesting property of equation (11) is that it can
be transformed to the time independent Schrédinger
equation via the change of dependent variable

n = n* exp <— %) (69)
The transformed equation becomes
1
Vit — 2 (V) n* = 0. (70)

Equation (52) can be transformed using the same

method and becomes the Helmholtz equation
1

Vin* + y (Vg)n* = 0. (71)

All these are possible because V2¢ =0. This

transformation has been used in refs. [5-7]. Note that

these transformations are valid in general, not just

limited to two-dimensional cases. There exist particular
solutions for all these equations, namely,

3 {A exp(— @)+ B, for equation (11)

72
Aexp(¢)+B, for equation (68) (72)

and

= {A exp (¢/2)+ Bexp(—¢/2), for equation (70)

A exp (i¢/2)+ B exp (—i¢/2), for equation (71).

Again these particular solutions are valid in general
and not limited to the two-dimensional form. They can
be verified easily by simply substituting back to the
original equations.

Naturally, equations (70) and (71) in two dimensions
can again be treated by the potential and stream
function analysis. For example, after the (¢,y)-

. WANG

transformation, equation (70) becomes

2®n* 1

W' 4

’n*
7

and the separated equations are

n* =0 (73)

(74)

and the general solution is therefore

n= Jw {[Cl(l)exp( %—Azlﬁ)

+C,(A)exp ( - ‘JT — /1%//)] exp (i)

+ [C3(/1) exp ( / % — Azl//)

+Ca(A)exp ( - % - /12|//>] exp(— Ad))} di. (75)

The solution of equation (71) is similar.

7. CONCLUSIONS

It is demonstrated in previous sections that the
steady-state two-dimensional convective diffusion
equations involving conservative external forces which
have Laplace potentials can be solved by transforming
to the potential and stream function, or (¢,y)-
coordinates. The resulting equation isreadily separable
and solutions easily obtained. Sometimes even when
the system is not truly two-dimensional, the method
can still be useful in obtaining solutions. These results
apply to the heat transfer problems as well. It is also
seen that there are related Helmholtz and Schrédinger
equations that can be solved similarly. These solutions
may have some applications in scattering problems.
Since the Laplace-type potential fields are frequently
encountered in many physical and engineering
problems, it is expected that the present method should
have useful applications. Also since the formulation in
Section 3 does not depend on any particular coordinate
systems, the method probably will be very useful in
treating 2-D problems with irregular boundary
surfaces, provided that one can determine the ¢- and -
functions. Various applications are currently under
investigation by us and will be reported in the near
future.
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ANALYSE DES EQUATIONS DE CONVECTION STATIONNAIRE BIDIMENSIONNELLE
A CHAMP LAPLACIEN, RAPPORTEES AUX FONCTIONS POTENTIELLES
ET DE COURANT

Résumé—On présente une technique spéciale de résolution de I'équation de convection permanente et
bidimensionnelle, pour des champs de force ayant des potentiels de Laplace. On utilise le fait qu’il est possible
de trouver une fonction de courant conjuguée au potentiel et les deux peuvent étre considérés comme des
coordonnéesindépendantes. L’équation de convection peut étre transformée dans les coordonnées de fonction
potentielle et de courant et 'équation résultante est séparable en fonction de ces deux nouvelles coordonnées.
Deux exemples sont illustrés. Un pseudo probléme bidimensionnel est présenté pour montrer 'utilité de la
technique méme si toutes les exigences ne sont pas remplies. On discute des relations avec les équations
d’Helmoltz et de Schrodinger.

UNTERSUCHUNG DER ZWEIDIMENSIONALEN STATIONAREN KONVEKTIVEN
TRANSPORTGLEICHUNGEN MITTLES POTENTIAL- UND STROMFUNKTION
UNTER EINBEZUG VON LAPLACE-FELDERN

Zusammenfassung—Es wird eine spezielle Methode zur Losung der stationdren zweidimensionalen
konvektiven Transportgleichung vorgestellt. Sie verwendet duBere Kriftefelder mit Laplace-Potentialen. Die
Methode nutzt aus, daB es moglich ist, eine zum Potential konjugierte Stromfunktion zu finden, und daB beide
somit als unabhéngige Koordinaten betrachtet werden konnen. Die konvektive Transportgleichung kann in
die Koordinaten der Potential- und Stromfunktion iiberfiihrt werden, und die resultierende Gleichung ist mit
diesen beiden neuen Koordinaten separierbar. Zwei Beispiele werden dargestelit. Ein Pseudo-2D-Problem
wird dargestellt, um den Nutzen der Methode zu zeigen, selbst wenn nicht alle Voraussetzungen erfiillt sind.
Zusammenhinge mit den Gleichungen von Helmholtz und Schrédinger werden diskutiert.

AHAJIU3 MMOTEHUHUAJIA 1 ®YHKHHUHU TOKA ABYMEPHbIX CTALIMOHAPHBIX
KOHBEKTHBHbIX JU®DYIUOHHbIX YVPABHEHUN, BKIIOUAIOIIUX
MnoJs JAIJACA

Annorauns—/laHa METOIMKA PELUEHMA CTALHOHAPHOIO ABYMEPHOTO KOHBEKTHBHOro Au(y3MoHHOro
YPaBHEHHs, BKJIIOYAIOLUETO MOJIS BHELIHEH CHIlbI ¢ MoteHunanamy Jlanmnaca. Meroauka ocHoBaHa Ha
BO3MOXHOCTH OTBICKAHHS CONPMKEHHON noTeHunany GyHKUHH TOKa. JTH GyHKUHMH, TakKuM obpa3om,
MOI'YT PacCMaTPHBATLCA KaK He3aBHCHMble koopAuHaThl. IToka3aHo, uTO ypaBHEHHEe KOHBEKTHBHOM
ampdy3nun Moxer ObITb npeobpa3oBaHO B ypaBHEHHE, B KOTOPOM HE3aBUCHMbIMH Te€peMeHHbIMH
ABJIAOTCA NOTEHLMA 1 W QYHKUMS TOka. B monyvenHom ypaBHeHHH nepeMeHHble pasaenstorcs. [lpen-
CTaB.JeHbl ABE WJIIOCTpaTHBHBIE 3anayud. Ha nmpumepe ‘nceBaoasyMepHoii’ 3aga4M moka3aHa MAOAOT-
BOPHOCTb METO4 JaXke B TOM CJIy4ae, KOra yAOBJETBOPAIOTCS He BCe TpeBoBaHUs.
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